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Abstract
In this paper we derive the uncertainty principle for the Loop Quantum Cos-
mology homogeneous and isotropic FLWRmodel with the holonomy-flux algebra.
The uncertainty principle is between the variables c, with the meaning of connec-
tion and µ having the meaning of the physical cell volume to the power 2/3, i.e
v2/3 or a plaquette area. Since both µ and c are not operators, but rather the random
variables, the Robertson uncertainty principle derivation that works for hermitian
operators, can not be used. Instead we use the Wigner-Moyal-Groenewold phase
space formalism. The Wigner-Moyal-Groenewold formalism was originally ap-
plied to the Heisenberg algebra of the Quantum Mechanics. One can derive from
it both the canonical and path integral QM as well as the uncertainty principle. In
this paper we apply it to the holonomy-flux algebra in case of the homogeneous
and isotropic space. Another result is the expression for the Wigner function on
the space of the cylindrical wave functions defined on Rb in c variables rather than
in dual space µ variables.
1 Introduction
We derive the uncertainty principle for the loop quantum cosmology variables c having
the meaning of the connection and µ having the meaning of the physical cell volume
to the power 2/3, i.e v2/3 [8] p.242 or a plaquette area. Since both c and µ are not op-
erators but rather the random variables used in the holonomy operator, we can not use
the general Heisenberg inequality straightforward approach, which works for the her-
mitian operators. Instead we use the Wigner-Moyal-Groenewold [1] [2] [3] phase space
approach. The Moyal’s statistical approach can be used to derive the quantummechan-
ics both in the canonical and path integral forms. It also provides the way to obtain the
uncertainty principle by using the cumulants and cumulant generating function. The
Wigner-Moyal-Groenewold approach can be applied to derive the uncertainty principle
for the Loop Quantum Cosmology if one uses the holonomy-flux algebra instead of the
Heisenberg algebra, i.e. [pˆ, Nˆ ] = aµNˆ instead of [pˆ, qˆ] = −i~, where a - constant,
a = 8piγG~3 , Nˆ is an LQC holonomy operator [5], [6] Nˆ(µ) = e
iµc, where c - is the
1
configuration variable corresponding to the connection, µ - the number of the fiducial
cell repetition, also it has the second meaning of physical cell volume to the power 2/3,
i.e v2/3 [8] p.242 or a plaquette area, µ ∈ R, c ∈ Rb - Bohr real line compactification.
With the assumption that Immirzi parameter γ is real we obtain:
σ2cσ
2
µ ≥
(
4piγG
3
)2
~
2
4
(1)
The paper is organized as follows. In section 2we derive the holonomy-flux charac-
teristic function. In section 3 we obtain the LQC uncertainty principle. The discussion
section 4 concludes the paper. In the Appendix A we present the theorems with proofs
for the LQCWigner function and its momentum properties.
2 Holonomy-Flux Characteristic Function
In order to derive the LQC uncertainty principle for the random variables c and µ by us-
ing the Wigner-Moyal-Groenewold formalism, we need to derive first the LQCWigner
function. The LQC Wigner function in the dual space variables µ was previously ob-
tained in [7], however no derivation for the best of our knowledge was completed for
the LQC Wigner function in the original variables c. We are going to derive it in such
form and prove in this section its two important properties, which will be used for the
uncertainty principle derivation in the next section. The first property - when integrated
by one variable the Wigner function becomes the distribution density of the other vari-
able. The second is that all momentum integrals used in Moyal derivation still exists
when integration is performed with respect to the holonomy-flux measures.
The holonomy-flux algebra in case of the homogeneous isotropic space FLWR model
can be described by using the commutation relation between the holonomy operator
and the momentum operator: [5][6][11]
[Nˆ(µ), pˆ] = −
8piγG~
3
µNˆ(µ) (2)
The holonomy and flux operators act as follows:
Nˆ(µ)Ψ(c) = e
iµcΨ(c), pˆΨ(c) = −i
8piγG~
3
dΨ
dc
(3)
The basis of the physical Hilbert space is given by LQC analogs of LQG spin-networks:
Nˆ(µ) = e
iµc, where c - is the configuration variable corresponding to the connection,
µ - the number of the fiducial cell repetition also having the meaning of physical cell
volume to the power 2/3, i.e v2/3 [8] or a plaquette area, c ∈ Rb - Bohr compactified
real line, µ ∈ R.
The basis functions satisfy the relation:
〈N(µ)|Nµ′〉 = 〈e
iµceiµ
′c〉 = δµ,µ′ (4)
The FLWR holonomy-flux algebra commutator is of the form:
[pˆ, Nˆ ] = aµNˆ (5)
2
,where a is a constant:
a =
4piγG~
3
(6)
We are going to obtain the LQC characteristic functionM(τ, θ) and its inverse Fourier
transform.
Let us formally define the LQC Winger function as:
F (µ, c) =
∫
ψ∗(c− aτ)e−2iaτµψ(c+ aτ)dτ (7)
where ψ(c) are the cylindrical functions of the c ∈ Rb, compactified real line. The
cylindrical functions are of the form:
ψ(c) =
N∑
n=0
Ψˆµne
iµnc, µn ∈ R (8)
In order for F (µ, c) to have the meaning of the mutual quasi distribution function of µ
and c the following two equalities should be true. When integrated with respect to one
variable it becomes the distribution density of the other one:
ρc =
∫
F (µ, c)dµ = |ψ(c)|2 (9)
and
ρµ =
∫
F (µ, c)dc = |Ψˆµ|
2 (10)
In order to prove both equalities we use measures dc and dµ as in [7] [9] [10].
∫
Rˆb
fˆµdµ =
∑
µ∈R
fˆµ (11)
∫
Rb
eiµc dc = δµ,0 (12)
,where Rˆb - is Bohr’s dual space, δµ,0 - a Kronecker delta.
The characters of the compactified line Rb are the functions hµ(c) = e
iµc [9]. The
Fourier transform of the function on Rb is given by :
fˆµ =
∫
f(c)h−µ(c)dc (13)
This is an isomorphism of L2(Rb, c) → L
2(Rˆb, dµ). e
iµc comprise the basis of H =
L2(Rb, dc). The proof of the equalities (9) and (10) is given in the Theorems 1 and 2
in the Appendix A. These properties imply that F (µ, c) is an LQC Wigner function in
(c, µ) variables.
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In order to use for the derivation of the LQC uncertainty principle we would need to
prove one more equality - the expression for the first momentum:
∫
F (µ, c)e2iaτ0µdµ = ψ∗(c− aτ0)ψ(c+ aτ0) (14)
,where c, τ0 ∈ Rb
or by replacing the variables one can also write it in the form:
∫
F (µ, c)eiaτ0µdµ = ψ∗(c−
aτ0
2
)ψ(c+
aτ0
2
) (15)
The proof of this equality is provided in the Theorem 3 of the Appendix A.
3 Loop Quantum Cosmology Uncertainty Principle
We now have all necessary tools ready to derive the LQC uncertainty principle for c
and µ random variables in the manner similar to Moyal’s derivation for the Heisenberg
algebra [1].
The distribution ρ(c) as obtained in (9) is
ρ(c) =
∫
F (µ, c) dµ = ψ(c)ψ∗(c) (16)
We define the characteristic functionM(τ |c) of τ conditional in c.
M(τ |c) =
1
ρ
∫
F (µ, c)eiτµdµ (17)
By substituting (15) and (16) into (17) we obtain:
M(τ |c) =
1
ρ
∫
F (µ, c)eiτµdµ =
ψ∗(c− aτ2 ) ψ(c+
aτ
2 )
ψ∗(c)ψ(c)
(18)
Following Moyal formalism [1] we replace the variables with the new ones - the am-
plitude and the phase:
ψ(c) = ρ(c)
1
2 eiS(c)/~ (19)
The cumulant function [4] ofM(τ |c) is:
K(τ |c) = logM(τ, c) =
1
2
log ρ(c+
aτ
2
) +
1
2
log ρ(c−
aτ
2
)+
− log(ρ(c)) +
i
~
[
S(c+
aτ
2
)− S(c−
aτ
2
)
]
(20)
The cumulants (coefficients of
(iτ)n
n! in the Taylor expansion ofK(τ |c)) are:
k¯1(c) =
1
i
∂K(τ |c)
∂τ
|τ=0 =
a
2~
∂S(c)
∂c
−
−a
2~
∂S(c)
∂c
=
a
~
∂S(c)
∂c
(21)
4
k¯2(c) = σ
2
p|c =
1
i2
∂2K(τ |c)
∂2τ
|τ=0 = −
a2
4
(
∂2 log ρ(c)
∂c2
)
(22)
The meaning of the first cumulant for the normal distribution is the expected value,
while the second is the variance [4]:
k¯1(c) = µ, k¯2(c) = σ
2
µ|c = µ
2 − (µ)2 (23)
The derivation is similar to Moyal [1], however instead of Heisenberg algebra cumu-
lants we use the holonomy-flux algebra cumulants k¯1(c) and k¯2(c) to obtain the LQC
uncertainty principle.
For the two random variables α and β with zero means we write the Cauchy-Schwarz-
Bunyakovsky inequality:
|(α2 β2| = σασβ ≥ |αβ| (24)
Taking α = µ and β = c and assuming µ = c = 0, we obtain from (24) :
σcσ(µ) ≥
∣∣∣∣
∫
cµ ρ(c) dc
∣∣∣∣ = |c µ| (25)
Now taking:
α =
∂ log ρ
∂c
, α¯ =
∫
∂ log ρ
∂c
ρ dc = 0 (26)
we can write
α2 =
∫ (
∂ log ρ
∂c
)2
ρ dc = −
∫
∂2 log ρ
∂c2
ρ dc (27)
By expressing ∂
2 log ρ
∂c2 through σ
2
µ|c from (22) we obtain:
−
∂2 log ρ
∂c2
=
4
a2
σ2µ|c (28)
Then by substituting it into (27) we get:
α2 = −
∫
∂2 log ρ
∂c2
ρ dc =
∫
4
a2
σ2µ|c ρ dc (29)
and
αc =
∫
c
∂ log ρ
∂c
ρ dc = −1 (30)
by multiplying (29) by σ2c and using the Cauchy-Schwarz-Bunyakovsky inequality (24)
where β = c and using
|σ2c α
2| ≥ |αc| = 1 (31)
we obtain:
σ2c α
2 =
4σ2c
a2
∫
σ2µ|c ρ dc ≥ 1 (32)
by assuming that Immirzi γ is real and therefore a2 > 0, we get
σ2c
∫
σ2µ|cρ dc ≥
a2
4
(33)
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By noticing that
σ2µ =
∫ (
σ2µ|c + (µ)
2
)
ρ dc (34)
by multiplying (34) by σ2c from the left we obtain:
σ2cσ
2
µ = σ
c
c
∫
σ2µ|c ρ dc+ σ
2
c
∫
(µ)2 ρ dc =
σ2c
∫
σ2µ|c ρ dc+ σ
2
cσ
2(µ) ≥ σ2c
∫
σ2µ|c ρ dc+ (cµ)
2 (35)
,where in the last inequality above we used (25). By dropping the last term we can
rewrite the inequality as:
σ2cσ
2
µ ≥ σ
2
c
∫
σ2µ|c ρ dc (36)
Finally by using (33) we obtain:
σ2cσ
2
µ ≥
a2
4
(37)
By remembering that expression for a = 4piγG~3 we can rewrite it as:
σ2cσ
2
µ ≥
(
4piγG
3
)2
~
2
4
(38)
4 Discussion
By using Moyal’s approach for the holonomy-flux algebra, we have obtained the un-
certainty principle for the Loop Quantum Cosmology in the case of homogeneous and
isotropic space:
σ2cσ
2
µ ≥
(
4piγG
3
)2
~
2
4
(39)
Even though the variables c and µ are the random variables and not the operators, the
uncertainty principle still exists. It can not be derived by the Robertson uncertainty
principle approach, which is applicable only to the hermitian operators, however as we
have shown it can be done by using the statistical Moyal-Wigner-Groenewold approach
for the random variables. Another novel result of this paper is the expression for the
Wigner function (7) on the space of the cylindrical wave functions defined on Rb in c
with the demonstrated properties.
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5 Appendix A LQC Wigner Function Properties
Theorem 1:
ρc =
∫
F (µ, c)dµ = |ψ(c)|2 (40)
Proof:
We substitute the expression (7) of F (µ, c) and the expression (8) for ψ(c) into (40).
∫
F (µ, c)dµ =
∫ ∫ N∑
n=0
K∑
k=0
Ψˆ∗µne
−iaµnceiaµnτ Ψˆµke
iaµkceiaµkτe−2iaτµdτ dµ
(41)
,where τ ∈ Rb, µ ∈ R. The integration with respect to µ is just a sum as µ is discrete.
∫
F (µ, c)dµ =
∑
µ∈R
N∑
n=0
K∑
k=0
∫
Ψˆ∗µne
−iaµnceiaµnτ Ψˆµke
iaµkceiaµkτe−2iaτµdτ
(42)
By collecting the terms containing τ and integrating with respect to τ , by using (12)
we obtain: ∫
eiaµnτeiaµkτe−2iaτµdτ = δ2µ,µk+µn (43)
Since µ ∈ R, summation by µ makes the terms with 2µ 6= µk + µn equal zero and the
terms with µ = µk + µn equal one and all terms with τ and µ disappear from the sum.
In other words for each pair µn and µk there exists µ such that 2µ = µk + µn and that
µ keeps the µk and µn in the sum, all other terms with τ zero out in the integration and
we obtain:
∫
F (µ, c)dµ =
N∑
n=0
K∑
k=0
Ψˆ∗µne
−iaµncΨˆµke
iaµkc = ψ∗(c)ψ(c) = |ψ(c)|2 (44)

Theorem 2:
ρµ =
∫
F (µ, c)dc = |Ψˆµ|
2 (45)
Proof:
7
In order to prove this equality we substitute the expression (7) of F (µ, c) and the ex-
pression (8) for ψ(c) into (45).
∫
F (µ, c)dc =
∫ ∫ N∑
n=0
K∑
k=0
Ψˆ∗µne
−iaµnceiaµnτ Ψˆµke
iaµkceiaµkτe−2iaτµdτ dc
(46)
,where c, τ ∈ Rb, µ ∈ R
The integration with measure dc by (12) gives:∫
e−iaµnceiaµkcdc = δµk−µn,0 (47)
Therefore only the terms with µk = µn remain in the sums in (46). The integration
with respect to dτ in turn gives∫
eiaµnτeiaµkτe−2iaτµdτ = δ2µ,µk+µn (48)
From (47) and (48) it follows that:
µn = µk = µ (49)
after substituting it into (46) we obtain:∫
F (µ, c)dc =
∫ ∫
Ψˆ∗µe
−iaµceiaµτ Ψˆµe
iaµceiaµτ e−2iaτµdτ dc (50)
the integrals with respect to dτ and dc are equal to one according to (12), so (50)
becomes: ∫
F (µ, c)dc = Ψˆ∗µΨˆµ = |Ψˆµ|
2 (51)

Theorem 3:
∫
F (µ, c)e2iaτ0µdµ = ψ∗(c− aτ0)ψ(c+ aτ0) (52)
,where c, τ0 ∈ Rb
Proof:
We begin by substituting the expression of F (µ, c) (7) into the l.h.s. of (52)∫
F (µ, c)e2iaτ0µdµ =
∫ ∫
ψ∗(c− aτ)e−2iaτµe2iaτ0µψ(c+ aτ)dτ dµ (53)
By using the expression (8) for the ψ(c) function, we obtain:
∫
F (µ, c)e2iaτ0µdµ =
∫ ∫ N∑
n=0
K∑
k=0
Ψˆ∗µne
−iaµnceiaµnτ Ψˆµke
iaµkceiaµkτe−2iaτµe2iaτ0µdτ dµ
(54)
8
again, the integration by µ can be replaced with the sum over µ
∫
F (µ, c)e2iaτ0µdµ =
∑
µ∈R
N∑
n=0
K∑
k=0
∫
Ψˆ∗µne
−iaµnceiaµnτ Ψˆµke
iaµkceiaµkτe−2iaτµe2iaτ0µdτ
(55)
The integration by τ gives us as before:∫
eiaµnτeiaµkτe−2iaτµdτ = δ2µ,µk+µn (56)
Which means that only those µ satisfying 2µ = µk + µn are equal to one after the
integration, all the rest are zeros and we obtain:∫
F (µ, c)e2iaτ0µdµ =
∑
n
∑
k
Ψˆ∗µne
−iaµncΨˆµke
iaµkce2iaτ0µ (57)
We substitute 2µ = µk + µn into (57) and use the definition of the LQC cylindrical
functions (8):∫
F (µ, c)e2iaτ0µdµ =
∑
n
∑
k
Ψˆ∗µne
−iaµncΨˆµke
iaµkceiaτ0(µn+µk) = ψ∗(c−aτ0)ψ(c+aτ0)
(58)
or by taking τ0/2 instead of τ0 it can be rewritten in the form:∫
F (µ, c)eiaτ0µdµ =
∑
n
∑
k
Ψˆ∗µne
−iaµncΨˆµke
iaµkce
iaτ0(µn+µk)
2 = ψ∗(c−
aτ0
2
)ψ(c+
aτ0
2
)
(59)
This completes the proof of the equality (52)

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